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Abstract This paper discusses the initial-boundary value problem (with a non¬ 
homogeneous boundary condition) for a multi-dimensional scalar first-order con¬ 
servation law with a multiplicative noise. One introduces a notion of kinetic for¬ 
mulations in which the kinetic defect measures on the boundary of a domain are 
truncated. In such a kinetic formulation one obtains a result of uniqueness and ex¬ 
istence. The unique solution is the limit of the solution of the stochastic parabolic 
approximation. 
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1 Introduction 

In this paper we study the first order stochastic conservation law of the following 
type 


du + div(A(u))dt = <P(u)dW(t) in 17 x Q, (1.1) 

with the initial condition 

u(0, •) = uo(-) in 17 x D, (1.2) 

and the formal boundary condition 

“u = Mb” on 17 x 17. (1.3) 
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Here D C R d is a bounded domain with a Lipschitz boundary dD, T > 0, 
Q = (0,T) x D, S = (0, T) x dD and W is a cylindrical Wiener process de¬ 
fined on a stochastic basis (17, J 5- , (^t), P). More precisely, (&t) is a complete 
right-continuous filtration and W(t) = YlkLi Pk{t)ek with (/3k)k >l being mutually 
independent real-valued standard Wiener processes relative to (^t) and {ek)k>i 
a complete orthonormal system in a separable Hilbert space H (cf. [3] for exam¬ 
ple) . Our purpose of this paper is to present a definition of kinetic solution to the 
initial-boundary value problem (Ol-CLl and to prove a result of uniqueness and 
existence of such a solution. 

In the deterministic case of <P = 0, the problem has been extensively studied. It 
is well known that a smooth solution is constant along characteristic lines, which 
can intersect each other and shocks can occur. Moreover, when the characteristic 
intersects both {0} x D and V, the problem (ll.ll) - (ll.3l) would be overdetermind 
if m were assumed in the usual sense. Thus, an appropriate frameworks of en¬ 
tropy solutions, together with entropy-boundary conditions, has been considered 
to obtain uniqueness and existence results. In the BV setting Bardos, Le Roux 
and Nedelec [2] first gave an interpretation of the boundary condition m as an 
’’entropy” inequality on V, which is the so-called BLN condition, and proved the 
well-posedness of the initial-boundary value problem. Otto [22] extended it to the 
L°° setting by introducing the notion of boundary entropy-flux pairs. Irnbert and 
Vovelle m gave a kinetic formulation of weak entropy solutions of the initial¬ 
boundary value problem and proved the uniqueness of such a kinetic solution. 
Concerning deterministic degenerate parabolic equations, see m and DU- 

To add a stochastic forcing <P(u)dW(t) is natural for applications, which ap¬ 
pears in wide variety of fields as physics, engineering and others. The Cauchy 
problem for the stochastic conservation law m with additive noise has been 
studied in [16], with multiplicative noise in [9], where the uniqueness of the strong 
entropy solution is proved in any dimension, the existence in one dimension. Also 
see [3j for the existence of strong entropy solutions in any dimension. 

By using a kinetic formulation the well-posedness for kinetic solution to scalar 
conservation laws with a general multiplicative noise in a d-dimensional torus was 
obtained by Debussche and Vovelle [7]. The main advantage from using kinetic for¬ 
mulations developed by Lions, Perthame and Tadmor for deterministic case [18] is 
that the formulation keeps track of the dissipation of noise by solutions and works 
in the L 1 setting. Those results have been extended to the case of degenerated 
parabolic stochastic equations, in [6] 

There are a few paper concerning the Dirichlet boundary value problem for 
stochastic conservation laws. Vallet and Wittbold [23] extended the result of Kim 
(16j to the multi-dimensional Dirichlet problem with additive noise. In the recent 
paper 3], Bauzet, Vallet and Wittbold studied the Dirichlet problem in the case 
of multiplicative noise under the restricted assumption that the flux function A is 
global Lipschitz. In [23] and pQ the boundary condition is formulated in the sense 
of Carrillo, which consists in formulating the boundary condition by inequalities 
involving the semi-Kruzkov entropies. 

Our main results are counterparts of the results in [ 7 ] in the case of initial¬ 
boundary value problems. The flux function A is supposed to have the bounded 
second derivatives (see Theorem [2] below). Thus, an important example of inviscid 
Burgers’ equation can be included. Moreover, in the homogeneous boundary case, 
i.e., in the case of Dirichlet’s (zero) boundary condition, one can assume only that 
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A is of class C 2 and its derivatives have at most polynomial growth (see Theorem 
[3] below). 

Although the basic idea of the proof is analogous to that of 0 and [T5j, the 
stochastic case is significantly different from the deterministic case. A “stochastic” 
kinetic solution u might blow up at the boundary dD even if the data uo, Ub in 
o, ecu are bounded. Let us make some more comments on those points. In 
m the defect measures mA (which are denoted by m± there) on the boundary 
S x play an important role. In particular, it is crucial that m + (resp. fh~) 
vanishes for £ >> 1 (resp. £ << —1) in the proof of uniqueness. This property for 
comes from the boundedness of the weak entropy solutions. To the contrary, in 
the stochastic case we have no pathwise L°° estimate of kinetic (entropy) solutions 
u{t) even though both of initial datum uo and boundary datum Ub belong to L°° 

: It is known only that Esup 0<t<T ||u(t)|| Z/ p^ £ jj is finite for every p G [l,oo) and 
hence we are not able to obtain that the boundary defect measures m ± vanish as f 
goes to infinity. To overcome this difficulty we introduce a notion of ’’renormalized” 
kinetic formulations (Definition[2]below), where are cut off or renormalized on 
each finite interval (—N,N) of Kj, and we prove the uniqueness of such a renor¬ 
malized kinetic solution. 

We now give the precise conditions under which the uniqueness of renormalized 
kinetic solutions will be proved. 

(Hi) The flux function A: R —> R d is of class C 2 and its derivatives have at most 
polynomial growth. 

(H 2 ) For each z G L 2 (D), <P(z) : H —» L 2 (D) is defined by <P(z)ek = gk{-,z (■)), 
where gk G C(D x R) satisfies the following conditions: 

OO 

G 2 (x,0 = J2 Mz,€)| 2 < L( 1 + I5I 2 ), (1.4) 

k= 1 
00 

1 9k(x,0 - gk(y, C)| 2 < L (\x- y\ 2 +1£ - Ck(l£ - Cl)) (1-5) 

fc=1 

for every x , t/ G fl, (,( 6 K. Here, L is a constant and r is a continuous 
nondecreasing function on R+ with r( 0 ) = 0 . 

(H 3 ) uo G L°°(i 7 x D ) and is ^o®H(Z))-measurable. Ub G L°°(f2 x S) and {«&(!)} 
is predictable, in the following sense: For every p G [l,oo), the L p (9D)-valued 
process {ub(t)} is predictable with respect to the filtration (,^y). 

Note that by m one has 

<5 : L 2 {D) -> L 2 {H-L 2 {D)), (1.6) 

where L 2 (H; L 2 (D)) denotes the set of Flilbert-Schmidt operators from H to 
L 2 (D). 

The existence of kinetic solutions is proved under more strong conditions than 
the above ones which will be stated in the beginning of Section 4. 

This paper is organized as follows. In Section 2, we introduce the notion of ki¬ 
netic solutions to (TTTTl)-(fT73l) by using the kinetic formulation, and give some useful 
lemmas concerning the weak traces on the boundary. In Section 3, we state the 
L 1 -contraction (uniqueness) theorem as well as the reduction theorem and prove 
them. In Section 4, the existence of a kinetic solution is stated and is then proved. 
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2 Kinetic solution and generalized kinetic solution 

We give the definition of solution in this section. We mainly follow the notations 
of [2 and m- We choose a finite open cover {U Xi }i=o,...,M of D and a partition 
of unity {Ai}i=o,...,M on D subordinated to {U Xi } such that U\ 0 fl dD = 0, for 
i= 


D Xi := D n U x . = {x G U Xi \ ( Aix)d > h Xi (Aix)} and 
dD Xi := dD n U Xi = {x e U Xi - ( Aix) d = h Xi (A t x)}, 

with a Lipschitz function h Xi : R d_1 —> R, where Ai is an orthogonal matrix 
corresponding to a change of coordinates of R d and y stands for {y i,... ,yd- i) 
if y G R d . For the sake of clarity, we will drop the index i of A * and we will 
suppose that the matrix Ai equals to the identity. We also set Q x = (0, T) x D x , 
D x = (0, T) x dD x and IJ X = {x-,x G U x }. 

To regularize functions that are defined on D x and R, let us consider a standard 
mollifier i/j on R, that is, if) is a nonnegative and even function in 1,1)) such 

that f R ip = 1. We set p X {x) = nf~lip(xi)^(xd - (L x + 1)) for x = (an,... ,Xd) 
with the Lipschitz constant L x of h x on IJ X . For s, 5 > 0 we set p x (x) = -^rp A (f) 
and V»i(£) = Mf)- 

Definition 1 (Kinetic measure) A maps to from 17 to At^([0,T) x D x R), 
the set of non-negative finite measures over [0, T) x D x R, is said to be a kinetic 
measure if 

(i) m is weak measurable, 

(ii) to vanishes for large £: if Br = R : |^| > R} then 

lim Em([0,T) x D x B))) = 0, (2-1) 

fl—>oo 

(iii) for all 4> G Cb{D x R), the process 

fe> / 4>(x, £) dm(s, x, £) ( 2 - 2 ) 

•/[0,t]xDxi 


is predictable. 

Definition 2 (Kinetic solution) Let uq and Ub satisfy (H 3 ). A measurable func¬ 
tion u : f2 x Q —» R is said to be a kinetic solution of (fLlH-(fL3l) if (u(f)} is pre¬ 
dictable, for all p > 1 there exists a constant C p > 0 such that for a.e. t G [0, T\, 

ll w (^)llflp(fixD) — (2-3) 

there exists a kinetic measure to and if, for any N > 0, there exist nonnegative 
to^ G L 1 )!? x D x (—N,N)) such that (m^(t)} are predictable, to^(1V — 0) = 
™n(—N + 0) = 0 for sufficiently large N and /+ := l u >£, /_ :=/+ — ! = — l u <£ 



A stochastic conservation law with nonhomogeneous Dirichlet boundary conditions 


5 


satisfy: for all ip 6 C£°([0,T) x D x (—N,N)), 

/ f±{dt + a(£) ■ V)ipd^dxdt 
J Qx R 

+ [ f±ip(0) d£dx + Mn f f±ipd( y da(x)dt 

Jdx r Jsxr 

oo ,-T ,■ 

= - V' / / g k (x,u(t,x))ip(x,t,u(t,x))dxd(3 k (t) 

k =i J o •'£’ 

— — / d£ip(x,t,u(t,x))G 2 (x,u(t,x))dxdt 

2 ,/q 

d^ipdm+ / d^ipfrt^f d^d<j{x)dt 

: .7 27 xM 


L 


a.s., 


[0,T) xDxM 


(2.4) 


where a(£) = A'(£), Mjv = max_jv< 5 <iv KOI- In CH), /+ = 1« 0 >+ /+ = !«!,>+ 
/-=/+- 1 and f b -=f\- 1. 

For the sake of the proof of existence of kinetic solution, it is useful to introduce 
the notion of generalized kinetic solution. We start with the definition of kinetic 
function. 


Definition 3 (Kinetic function) Let ( X , p) be a finite measure space. We say 
that a measurable function /+ : A' x R —> [0,1] is a kinetic function if there exists 
a Young measure v on X such that for every p > 1, 



dv z (£)dp(z) < +oo 


(2.5) 


and for p-a.e. z £ X, for all (6l, 


f(z,0 = v z (£,+oo). 


Here we recall that a Young measure v on X is a weak measurable mapping 
z i —y vz from A' into the space of probability measures on R. For a kinetic function 
/+ :JxR-> [0,1] we denote the conjugate function by /_ = /+ — 1 . Observe that 
if f+ = l u >+ then it is a kinetic function with the corresponding Young measure 
v = — 5 u= £, the Dirac measure centered at u, and its conjugate /_ = — l u <j. 

We introduce the definition of generalized kinetic solution. 

Definition 4 (Generalized kinetic solution) Let uo and Ub satisfy (H 3 ). A 
measurable function /+ : f? x Q x R —> [0,1] is said to be a generalized kinetic 
solution of (11.1I) - (11.3I) if the following conditions (i)-(iii) hold: 

(i) {/-|_(f)} is predictable. 

(ii) /_)_ is a kinetic function with the associated Young measure v on Q x Q such 
that for all p > 1 , there exists C p > 0 satisfying that for a.e. t G [0,T], 

E / / |£| p dv t , x {t)dx<C P . 

J d Jr 


( 2 . 6 ) 
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(iii) There exists a kinetic measure m and, for any TV > 0, there exist nonnegative 
fri^j G L 1 (f2 x U x (— TV, TV)) such that {m)^(t)} are predictable, m^-(TV — 0) = 
+ 0) = 0 for sufficiently large TV and for all p G C'^°([0,T) x D x 
(—TV, TV)), 


/ f±(dt + a(£) • X/)pdfdxdt 
J Qx K 

+ / /±<p( 0 ) dfdx + Mn f f±pdfdcr{x)dt 

Jdx r Jexwl 

OOj.Tr- 

= -V'/ / gk{x,£)ip{t,x,£)dv t ,x(£)dxdp k {t) 

^ 0 «/ D XlR 

[ G 2 (x,£)df:ip(t,x,(,)di/t,x(0dxdt 
^ JQx r 

d^d(j(x)dt 

J rxi 


■l. 


a.s. 


[0,T)xDxM 


(2.7) 


Remark 1 In the case that the boundary function m + satisfies m + (—TV + 0) = 0 
in addition, the equality (TOT) for /_ follows from that for /+ if we set m (£) = 
m + (£) + Mjv(£ + TV) + (y4(£) — vl(—TV)) • n(:r). In the case of periodic boundary 
condition as in [7j the boundary function fh + does not appear. Thus, in these 
cases, it is enough to consider the equality (l2Tl) only for /+ in the definition of 
generalized kinetic solutions. 


The following proposition due to [71 Proposition 8] shows that any generalized 
kinetic solution admits left and right limits at every t G [0, T\. 


Lemma 1 Let /_)_ be a generalized kinetic solution of i 1. 1\) - H~3\) . Then /+ admits 
almost surely left and right limits at all points t* G [0,T] in the following sense: 
For all t* G [0,T] there exist some kinetic functions f '(j)’ on fl x D x R such that 
P -a.s., 

( f+(t* ± e)pdf > dx —» f f^pd^dx 

Jdxwl Jdx r 


as £ —> +0 for all p G C].(D x R). Moreover, almost surely, /+ + = /+’ for all 
t* G [0,T] except some countable set. 

In what follows, for a generalized kinetic solution /+, we will define fit by 
/+(**) =./+’* for t* G [0, T\. 

In order to prove uniqueness we need to extend test functions in (12.711 to the 
class of (^^“([OjT) x R d x R). To this end we introduce the cutoff functions as 
follows. 

r n-z _ rf+N 

~ V)dr, T'T, (£) = / if v (r - r])dr 
Jo Jo 

and *„( 0 = <( 0 ^“( 0 , V>0- 
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Proposition 1 Let /+ be a generalized kinetic solution of tl.l\) - \1.3\) . Let be 
any weak* limit of {/^’ e } as £ —> +0 in L°°(£ ) ' x R) for any element A of the 
partition of unity {Ai} on D, where /^’ e is defined by 


f± e (t,x,£,)= I f±{t,y,£)pe{y-x)dy, 
Jd x 


and let f± = Yito ^if±^ ■ 

(i) For a.s. there exists a full set L of £ such that f±(t,x,£) is non-increasing in 
£ for all ( t , x) G L. 

(ii) For any tp G C' ( ?°(]R d x R), for any t G [0,T) and for any r/ > 0, 


r rl\ rt r rl\ 

/ / f±(t)ipd£dx+ / / / % 1 f±a(£) -V(pd£dxds 

JdJ-n Jo JdJ-n 

r rN rt r rN 

+ / / ^r)f±(pd£dx+ / / / \Pri(-a(€) ■ n)f±(pd£dcrds 

JdJ-n Jo JdJ-n 

rt 


rt r rl\ 

VIII 'P ri gk<pdv x ,s{.£)dxdf}k{s) 

k>l J o j dJ-n 

Jr f f f 'F ri d^G 2 dv Sl x{i)dxds-\- 

2 Jo J D J -N 

r N 


[0,t]xDx(-N,N) 


dm 


+ ^ ~ £ ~ 7? ) - ’MC + N ~ vJg 2 pdv s ,x{£,)dxds 

— I (iPv(N ~ £ - rf) ~ + N - rfjipdm a.s.. ( 2 . 8 ) 

J\Q +1 s / Dss (—AT AT\ ' ' 


[0 ,t]xDx(-N,N) 

(in) P-a.s., for a.e. (t,x) G £, the weak* limits —a(£) • n (x)f±(t,x,£) coincide 
with Mjyf±(t, x , 0 + d^m^ft, x, £) for a.e. § G ( —N , N). 


Proof For a.s. let us denote by Lr the set of Lebesgue points of f± G L°°(£ x R). 
Take (t,x,t;i) G Lr, * = 1,2, arbitrarily so that £i < £ 2 - If £,S > 0 are sufficiently 
small, then the average of / ± ’ £ on B l s satisfy 

/ f± £ ( s ^y^)d^da(y)ds > -f f±' e (s,y,Z)d£,da(y)ds, 

Jb\ Jb'I 

where B} denotes the ball with center (t,x,£i) and radius 5. Passing to a weak* 
limit fV as £n —» +0 through some subsequence {f± Sn }, we have 

/ f±\ s >y,O d (, dr7 (,y) ds >-f f±\ s ^y^) d ^(y) ds - 

Jb] Jb* 

Letting <5 —» +0 and summing over i yield f±(t,x,^i) > f±(t, x,&) because 
(t,x,£i) G Lr. Consequently, setting L = {(t,x) : (t,x,£) G Lr for a.e. §}, we 
obtain the claim of (i). 
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To prove (ii) we take (p E C£°([0,T) x I d x R). Putting ip = 'P v O £ <t> x in (12.71) . 


where (p — o\ and 


e £ (x) = f 
Jo 


Xd~h\(x) 


tp £ (r - e(L\ + 1 ))dr, 


we obtain at the limit e —>• +0 

rN 


r rl\ r rl\ 

/ / &r 1 f±{dt + a(£) • V)(p X d£dxdt + / / 'P v f±(p X (^)d£,dx 

J Q x J-N J D 1 J-N 

rT r rN 

+ / ^(-a(0-n x )f { ± X U X d^dd x dt 

Jo Jn x J-n 

rT r rN 

— - V' / / / V n 9k4> X dv x ,t{£)dxdp k (t) 

j„\ n Jo J D X J—N 


\ f f G 2 dv x , t (£)dxdt + / 

z J q x J-n J] c 

rN 


[0 ,T)xD x x(-N,N) 


^/rfd^(j) X dm 


+ \ I f (^ri(N - £ - 7?) - xprtd + N - rj^G 2 <p x dv x ,t{£)dxdt 
— I (i>n( N - £ - v) - i’riiZ + N - v))^ dm a.s., (2.9) 

■nO.T)xD x x(-N.N) y J 


where 


n A (x) = 


= (V 2 h A (x),-l), 


'1 + |V s /i A (x)| 2 
dd’x(x) = \J 1 + |Vj/i A (x)| 2 dx. 
In this procedure it will be enough to consider the term 


, 

Jq\ J-n 

rT 


'J / r] f±p X a(£) ■ X/O e d^dxdt 


[[[ ^o(0 ' n A / f±p X p £ (x d - h x (x) - e(L x + l))dx d d£d<j x dt 

Jo Jn x ■J-n Jr 

III ^ri a (0-n X I f±(y)p X (y)p £ (y-x)dyd£dd x dt, 

■Jo Jn x J-n JD x 


which is convergent to 


rT r rN 

' 

Jo Jn x J-n 


tf„a(0 ' n \f± ] (p X d^da x dt. 


with any weak* limit of {f± e } as a corresponding subsequence e n —> 0. Let 
ip E C£° (JR' 1 x R). Take a sequence {p n } C C(? o ([0, T) x R d x R) of test function in 
flgj} which is approximate to l[o,t) (s)<P- By letting n —» oo and by summing over 
i. we obtain m and hence the proof of (ii) is complete. 

Finally we show (iii). We fix small e > 0 arbitrarily and take p E C£°([0, T) x 
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x (—N + e, N — £•)). Since (V>? ? (AT — £ — v) ~ if’yi.Z + N — r]))ip = 0 and H/^ip = ip 
for all sufficiently small 77 > 0 , H23D deduces 


/ [ f±(9t +a(0 ■ S7)(pd£dxdt + j I f±<p(0)d£dx 
Jq Jr Jd Jr 

+ / / —a(£) ■ nf±ipd^dadt 

JZJ JR 

= - V' / / gkpdu t , x (O dxd Pk(t) 

^ ^ 0 «/ D J IR 

- 7 : [ [ d^cpG 2 dv tjX (£)dxdt 

* Jo Jr 


d^pdm a.s.. 


( 2 . 10 ) 


'[0,T)xCx( 

It follows from am and (l2J0ll that for all ip E CT ( [0, T) x R d x (-N + e, N - e)), 

/ / -a(0 • n f±tp = M N f f f±<p -If d^tpfh%, 

JJr J s Jr J J k 

which implies that 

d^m% = -a(0 • n/± - M N f b ± Ei'^x {-N + e, N + e)) 


in the sense of distribution on S x (—N + e,N — s). By Nikodym’s theorem, for 
a.e. (t, x) 6 S, is absolutely continuous in £ and 

d(fh%(t,x,0 = —a(£) ■ n (x)f±(t,x,£) - M N f±(t,x,£), 


for a.e. £ € (—N+e, N — e). Since e > 0 is arbitrary, we conclude the desired claim. 


3 Uniqueness 

In this section we prove the main result of the paper. 

Theorem 1 (/^-contraction property) Assume that D is a bounded domain 
with Lipschitz boundary. Let fi,+, i = 1,2, be generalized kinetic solutions to dP- 
II 1. Si) with data {fi +, fi,+) = (!«* 0 >{ 1 1 u t b >{), respectively. Under the assumptions 
(Hi)-(H 3 ) we have for a.e. t £ [0,T) 

-E [ f fi,+ (t,x,Z)fc-(t,x,Z) < -E f f fi >+ (x,^)f°-(x,(,) 

J d Jr J d Jr 

-M b E f f [ /£+(*,*,O/ 2 ,(3.1) 
Jo JdD Jr 

where M b = max{|a(£)| : |£| < \Wi,b\\ L °°{fiy.£) v l|M 2 ,b|| I/0 o (r2xl:) }. 
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Corollary 1 (Uniqueness, Reduction) Under the same assumptions as in the 
above theorem, if /+ is a generalized solution to EIP-EU with initial datum 
1 „ 0 >£ and boundary datum then there exists a kinetic solution u to 11 .11) - 

m with initial datum uq and boundary datum ut such that f+(t, x, £) = 1 u (t,x)>£ 
a.s. for a.e. (t,x,£). Moreover, for a.e. t G [0,T) ; 

E ||ui(t) — U- 2 (t) 11 (Z 3 ) — ® ll u l,0 “ W2,o||^i(£)) 

+MbE ||iti,b — U2,b\\ L \( S } , (3-2) 

where Ui, i = 1,2, are the corresponding kinetic solutions to U.l\) - S1.3\) with data 

(Ui z 0, Ui^b'). 

To prove the uniqueness theorem we define the non-increasing functions /z m (0 
and Pv(t;) on R by 


/x TO (0 = Em([0, T) x D x (£,oo)) and (3-3) 

1^(0 = E / dvt, x (£)dxdt, (3.4) 

J Qx (£,oo) 

where m and v are a kinetic measure and a Young measure satisfying (1231) , respec¬ 
tively. Let D be the set of § G (0, oo) such that both of p,m and are differentiable 
at —f and £. It is easy to see that D is a full set in (0, oo). 

Lemma 2 (i) limsup p0(±0 = 0 and limsup £ P Au(±0 = 0 for p > 1. 

£-»-oo, »-oo, 

(ii) If N £ D, then as 6 —> +0 


and 


/ 

Jr 


MN±C)dtim(0^ti'm(TN) 


/ MN ± 0(1 + ICI 2 )<W0 -»■ (1 + iv 2 )/4(t!V)- 

JR 

Proof We prove the lemma only in the case of . The case of /z m will be done in 
a similar fashion. Due to (1231) there exists C p > 0 such that |£| P iti/(0 < Cp f° r 
every ( Gl. Let us assume that limsup £ p fj, v (±£) = a < 0. Then we can take 

£o G D so that 0 < a/2 whenever £ > £o and ( G 1. Since the function 

£ i —y is non-increasing on (£o, oo) if O is sufficiently large, we have 


0V(0 - foMO) < / (0V(O)' d C 

J£, o 



Hence limsup£ p /Xi/(£) = — oo and this contradicts the fact that fiv(£) > 0. On the 

£— >oo 

other hand the function £ i-» (, p p,v (—0 is non-decreasing on (£o, oo). Hence 


0V4-0 “ £o/u(-£o) > [ (OVO“C ))'d( 

J £o 
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Therefore, liminf £ P /Zz,(—£) = oo and this contradicts the fact that |£| p flu(£) < C p . 

^ — y cxd 

Consequently we have limsup £ p p(,(±£) = 0. 

{-too, 4en 

Next, let N e D. Since y„(±(N — £)) = fi„(±N) + /x(,(±lV)<( + o(£), it follows 
that 


[ MN± C)(i + ICI 2 )dM4C) 

Jr 

= - f PufrN + cMOMCXi + (=fJV + 0 2 )) 

= ^(^){(i + iv 2 ) + J* ?MC)dc} + J S s o(C)d(MC)(i + ^N + o 2 )). 


Besides, the last term of the right hand on the above equality tends to 0 as 5 —> 0. 
To see this take an arbitrary e > 0. There exists So > 0 such that |o(£)| < £ |CI- If 
0 < 5 < So, then 


|^o(c)d(V>5(C)(i + (TV + c) 2 )) 

< £ J* |c^(0(l + &N + C) 2 ) + 2( T AT + OMC)\ d( 

< £ {<5(1 + (±N ± 5) 2 ) + 2\^N^ <5| j . 


Thus we obtain the claim of (ii) for fj,„. 


Proposition 2 (Doubling variable) Let fi,+, i = 1,2, be generalized kinetic 
solutions to \l.l\) - \l.S\) with data (/°+,/£+). Then, fort £ [0,T), for e,S > 0, for 
N G D and for any element A of the partition of unity {Ai} on D, we have 


-E / Kx)Pe(y “ x)i>s(Z- ()fi,+(t,x,£)f£_(t,y,()d£d(dxdy 

J D 2 x(-N,N) 2 

<-E f Kx)ps(y ~ - ()fi,+(x,0f2-(yX)d£dCdxdy 

J D 2 x(-N,N) 2 

-E f A(z)pe (y - - 0(-°(0 • n O)) 

J {0,t)xdDxDx(-N,N) 2 

x /i (A +(s, X, Oh- (s, y, ()d$,d(da(x)dyds 

(3.5) 


+h + h + I 3 + In, 
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where 


h 


h 


h 


-E 


L 


(0,t)xD 2 x(-N,N) 2 


-E 


1, 


(0 ,t)xD 2 x(-N,N) 2 


-E 


L 


2 J(0,t)xD 2 x(-N,N) 2 


fi,+ ( s > x >Qfo,-( 3 >y>C)(a(0 - a( 0 ) 

■V x p X (y - x)\(x)i/js(£ - C )d£d(dxdyds, 

fi,+ ( s ’X,£)f 2 ,-(s,y,C)a(£) 

■V x \{x)pe(y - x)ips(£, - C)d£dCdxdyds, 

K x )Pe{y ~ x)ips(£; ~ C) 


x 1 9k{x,€) ~9k(y,C)\ 2 dvl >x (€) <g> dv 2 S ' V (Qdxdyds, 


k= 1 


limsup In = 0 with In defined by (EH) below. 

N—+ oo 


Here ni 1 and v l , i = 1,2, are f/ie associated kinetic measures and the associated 
Young measures with the generalized kinetic solutions fi,+, are any weak* lim¬ 
its of {f*± } as s' —I 0 in L°°(U X x R), and C is a constant which is independent 


of e, 5, N. 


Proof We will follow the proof of [?, Proposition 9]. Let G C£°(Ra x R^) and 
V ?2 G C™{R% X R c ). Set 




00 /*£ r rN 

(*)«£/ JJ 

fc=l ' ^ " -AT 


&r,(£)9k,i<Pidvl tX (£)dxdPk(s) 


and 


G 


/ ^( 0 /i,+ ( s > X, 0 a (0 ■ VxV\d£dxds 

J —N 

+ ^ 

^ Jo Jz>* J-at 

nt r rN 

+ / ^v(0(-a(0- n )fi^+(s,x,0 < Pid^dcT(x)ds 

JO JdD x J-N 


./[o 


'[ 0 ,t]xD^x(-JV,JV) 
r£ /* riV 


/ / / (iPvi-V + N - 0 + N+ £))ipiG\dvl tX (£)dxds 

z Jo Jr>* J-jv 

+ / (V , 7 7 (-^ + A r -0-'*/’(-?7 + ^ r + 0) I i 3 irf ml (s I ai I C)- 

J[0,t] X.D* x( — N,N) 



A stochastic conservation law with nonhomogeneous Dirichlet boundary conditions 


13 


On the other hand we set 


^ pt p pl\ 

F 2 -(t) = ^2 / / V r v(09k,2<P2dVs ty (C)dydPk(s), 

1 J 0 J Dy J - N 

pt p pN 

G 2 ,-(t)= / / 3 ^( 0 / 2 -(s,x, 0 a (0 • V v <P 2 dCdyds 

Jo j Dy J-N 

+ ^ / / [ ^v(C)diip2G 2 d^s,y(C)dyds 

z ./O J — N 
pt p pN 

+ / ^(C)(-a(C) ' n(y))/ 2 -(s,y,Qip 2 <K,da(y)ds 

Jo J dD v J-N 


■ [ $ri{C)d ( ip 2 dm 2 (s,y,C ) 

[0,t] x D y x (—N,N) 
r t r rN 


p t p pi\ 

/ / / 0M-?7 + V - 0 - + N + C))^ 2 Gldv 2 St y{C,)dyds 

Jo jD„ J-N 


+ [ (fl’vi-V + N - C) - i>(~V + V + C))(p 2 dm 2 (s , y, C)- 

•/[o,t]xr> B x(-JV,jv) 


By (ESI) and E3 we have 


/* /»AT /* /*JV 

/ / = ■F’l.+ W + G ll+ (t) + / / -MOAVi 

./£>* J-JV ./£>* ./-jV 


and 


/* /*JV /* /*iV 

/ / M0f2,-(t)V2=F 2 ,-(t)+G 2 ,-(t)+ / ^(0/ 2 °-^- 

JD y J-N JD y J-N 

Set a(x,£,y,() = <Pi(x,£)tp 2 (y, C) and #tj(£, 0 = ^(0^(0- Using Ito’s formula 
for Fi,+(t)F 2 ,-(t), integration by parts for functions of finite variation (see |231 
p.6]) for 

{Gr.+WHr ^ A /^^( 0 /iVi}{G 2 ,-(i) + |_%,(C)/ 2 °-^}, 

and integration by parts for functions of finite variation and continuous martingales 
(see [23} p. 152]) for 

Ui,+ (t) jGVW + f o f N M()fi-V2d{dy^ , 
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we obtain 


p p pN pN 

-E / / / / ^{i,C)fi + {t)ft-{t)a x d^dCdxdy 

J D x JD y J — N J-N 
p p pN pN 

= -e/ / / / V v (ti,Ofl+fl-a X dt;d{dxdy 

J D x J Dy J-N J-N 
00 pt p p pN pN 

/ / / / 'Pr,(£,()gk,igk,2a X dvl, x (£)®dVs ty ((;)dxdyds 

k=1 JO JDl JDy J-N J-N 

pt p p pN pN 

-E / / / / / ^(^0/i,+W/2,-(s)(o(0-Vx + a(C)-V w ) 

Jo ./b j J d„ J -n J -n 


xa d£,dC,dxdyds 


1 r £ /* /* /*iv 

o E / / / / / 'Pr,(Z’()h,+( s ) d <; aXG 2dVs,y(0d£dxdyds 

z Jo jD x jD ni j-N j-N 


-E 


iV />AT 


0 J D x JdD v J-N J-N 


'd , v(Z,0h,+(s)f2 X -(s)(-a(0 • n) 


+E 


I 


[0,t]xD y x{-N,N) 


xa X d^dt,dxda(y)ds 

[ [ ’d'v(£,X)fi,+ (s)d< : a x d£,dxdm 2 (s,y,() 

Jd*J-n 

k E /7 f f N [ N MOfi,+(s) [M-g + N- 0 

z Jo Jd*Jd v J-nJ-n l 

-ipr,(-g + N + QjG 2 a x dix 2 ty (C)d^dxdyds 

-E f f f N *„(£)/&(«) k(-i? + w - c) 

J[0,t]xDj,x(-iV,iV) Jd^J-n l 

-ipn(-V + N + C)| a x d£,dxdm 2 (s,y,() 

1 /*£ /* /* r AT ,iV 

“o E / / / / / ^v{i^)h,-{s)d^a x G\dvl^)dC,dxdyds 

z Jo j D x J Dy J-N J —N 


-E 


JV /-AT 


^(^C)/i ( ^+(s)/ 2 ,-(s)(-o(C) ' n) 


0 jdD x JD v J-N J-N 


+E 


l 


[0,t]xD x x(-N,N) JD y J-N 


x a x d£d£dcr(x)dyds 

[ [ 1 'v(^C)f 2 -(s)d i a x dCdydm 1 (s,x ,£) 

«/ —AT 

7*77 / r r^As)[M-g +N -o 

A do Jd$Jd v J-nJ-n l 

—ip 7 A~V + AT + £)1 G 2 a x dvl tX {£')dC,dxdyds 


-E 


l 


[0,t]xD x x(-N,N) JD y J-N 


Id / + 

- V'?j( '/ + N + C)]a A dCrfy^w 1 (s I a ; ,C) 
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(3.6) 


where a x = a(x,£,y,C)^(x). Noting that (7£°(Rx x R^) <g> C%°(Wly x R^) is dense 
in C£°(R!^ x 1 ^ x Mj x M,;) and that m 1 and z/, i = 1,2, vanish for large £ thanks 
to (12.11) and (12.51) . by an approximation argument we can take a(ay, C) = 
p x {y — x)tpg(£ — C) in (13.61) . In this case note that a x = A {x)p x (y — x)ips(£ — C) 
and pe(y — x) = 0 on D x x dD y . Using the identity ( d% + = 0, we compute 

the fourth and sixth terms on the right hand of (ECU) as follows. 


1 r r r n /*iv 

_ o E / / / / / ^v(tC)h,+{s)d ( a x G2dvl y (C)d^dxdyds 

z Jo Jd^Jd v J-nJ-n 

1 /*t p p pN pN 

= o E / / / / / 'P-n(tOh,+( s )dsa X G%dVs !y (()d£dxdyds 

Z Jo JD* jDy J-N J-N 

He/7 [ [ N r ^(C)[MN-v-0-MN-y + o\ 

A Jo J D* J Dy J—N J—N L J 

xfi^(s)a x G 2 du 2 y (Qd^dxdyds 

1 /*t p p pN /*iV 

+ o E / / / / / )a X Gldv 1 StX {i)dv 2 ^y{C,)dxdyds 

1 Jo JD* J Dy J-N J-N 


and 


= -E 


p t p p pl\ pl\ 

/ / / / / ’*Pri(£,Ofi,+(s)d<;a X d(,dxdm 2 (s,yX) 

Jo Jd*Jd v J-nJ-n 

/7 / [ N [ N M0[MN-v-0 

Jo Jd*Jd v J-nJ-n 1 

-ipniN - r) + 0] A”+ (s)a x d£dxdm 2 (s, y , C) 

n p pN pN 

/ / / Oa x dvl’-(£)dxdm 2 (s,y, () 

•'£>„ •’ ~ N J~ N 

<-e /7 / / 7 %,(o[^-.-o 

Jo Jd*Jd v J-nJ-n l 

-ip v { N - r) + 0] fi, + {s)a x d£dxdm 2 {s, y, C). 


Similarly, the ninth and eleventh terms can be computed. We then calculate the 
terms produced by the truncation function namely, the terms containing the 
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functions + N ± £) or ifr)(—y + N ± £). 

i ft f f fN fN 

^ / / / <M0/l, + (sM»(-»? + JV±0 

z Jo J D x JDy J-N J-N 

x G 2 a x di/ 2 y X ) dfdxdyds 

<cEr[ [ r r ^(- 7 ;+tv ± 0 ( 1 +ici 2 ) 

Jo Jd x Jd v J-nJ-n y ' 

xpe (y - x)ips(t, - C)dv 2 St y(C)d£dxdyds 

<C f </>„(-V + N ± 0 (l + ICI 2 ) E f T j dvl y (C)dyds 
= c [ M-V + N± 0 fl + |C| 2 )^(O^TC7(l + ^V^(±iV) 

./K V ' 

as 77 —» +0 by virtue of LemmaO where y v 2 is defined by (13.411 . A similar argument 
yields that all the other terms containing the function ip 71 on the right hand of (13.61) 
are estimated from above as 77 —> +0 by 

In = C [y! m i (N) + y' m ,(N) + (1 + N 2 )(yU(N) + y'^(N))) , (3.7) 

which is convergent to 0 as N —» 00 by Lemma[2] Consequently, letting 77 —> +0 in 
(13761) and then using the identity (V x + V y )p £ = 0 in the third term on the right 
hand we obtain (13751) with Ijv defined by (13771) . 

Proof of Theorem[ 7] Set for t > 0 and N > 0, 


f r r N 

Vn(£,5) = - e/ / / / K x )pXv ~ x )^s{£,- C) 

J D x J Dy J-N J-N 

x/i,+(f, z, Oh,-(t , 77, Qdfdfdxdy 

+E [ [ \(x)f 1 ,+ (t,x,f)f 2 ,-(t,x,f)dfdx. 

J D x J-N 


It is easy to see that lim £i 5_^o 7 7 at( £ j 5) = 0 uniformly in N. Also set 


ft f f fl\ fl\ 

(e,s) = -e / / / / / H x )pe(y - - 0 

Jo J dD x J D y J-N J-N 

x(-a(0 • n(x))fi*l(s,x,£)f 2 -(s,yX)d£dCdcj(x)dyds 

+E [ f [ X{x)(-a{f)-n(x))f^l(s,xX)f^-{s,xX)df,da(x)ds. 

Jo J dD x J-N 


Since there exists a sequence {e„} f 0 such that f 2 ,~ * p £ij converges as n -> 00 to 
f^l in L°°(A a x M)-weak*, we see that lim^^o rjv(£n, 5) = 0 for each N > 0. 
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Therefore, it follows from Proposition [2] that 

-E f [ X(x)fi t+ (t,x,£)f£_(t,x,£)d£dx 

J D x J-N 

' / [ Hx)fi,+(x,0f2-(x,£)d£dx 

J D x J-N 

ft f fN 

:/ / / \(x)(-a(£)-n(x))f^l(s,x,£)f^l(s,x,t)d£,da{x)ds 

JO JdD x J-N 


< -E 


-E 


T-fl + I 2 + -?3 T -fjV T (^n, 5) + ?7/v(£n, 5) + fjv(£n, 5). 

On the domain C/a 0 a similar argument also deduces the same inequality as above, 
but the term on the boundary dD x ° vanishes. By virtue of Lemma [T] (iii) it holds 
that a(£) • n(x)f 2 X l = a(£) • n(x)f 2 ,~ a.e. on [0,T) x dD x x (—AT, AT), and hence 


5^E / / / A»(x)(-a(£) • n(a;))/ 1 (A ; ) (s,x,0/2 ( ^ *i\s,x,£)d£da(x)ds 

fT'o Jo JdD x i J-N 

ft f fN M 

/ / / (-a(€)-n(x))f2,-'^2\ifi*+d£dcT(x)ds 

Jo JQD x i J-n 

ft f fN 

/ / / (-«(£) ' n(x))fi,+f 2 ,-d$da(x)ds. 

JO JdD x i J-N 


= E 


= E 


Here recall that /i,+ = ^ifi X + ■ Thus, summing over i = 0,..., M yields 


-E 

< -E 


N 


■Jd J-n 


fi,+ (*> Of 2 ,-(t, x, O d £dx 


[ [ fi,+ (. x ’0f2,-( x ’0d£dx 

JD J-N 

ft f fN 

-E / / / (-a(0 • n(x))fi, + (s,x,Z)f 2 -{s,x,£)d(,d<j(x)ds 

Jo JdD J-N 
M 

+ + -I 2 + -I 3 + Tv + Vn{£i d) + iTn{e, 5) + cat(£, 5)). 


(3.8) 


i =0 


Now note that 


m N M 

V(V \i)a(€)fi,+f 2 ,-d£dxds = 0. 

In a similar way as in the proof of [7J Theorem 11] we obtain 
|/i| < C5e~ x , \I 2 \ < C^S- 1 + ; 


(3.9) 


(3.10) 
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Finally, we compute the boundary term on the right hand side of (ESI) as follows: 

/ N 

{-a • n)/i,+/ 2 _d£ 

-AT 

/ u 2 ,b _ _ fU lib VU2,b 

(-a-n)/i,+/ 2 ,_d£- / (-a-n)/i,+/ 2 ,_d£ 

-N Juo.h 


' —N 

/ N 


(-a • n)/i,+/ 2 ,_d£ 


b Vn 2 b 


< - 


/ 1i2,b _ pi,bVU2,b /*JV 

fi,+d i m 2 ri~d£ +M b / d£- / <9 ? rh^ + / 2 -d£ 

~N J U 2( b u l,b V u 2,b 


< -M b f fl+fl-di. 

Jr 


(3.11) 


Now we take <5 = e^ 3 - Letting £n —> 0 and then letting AT —> oo, we immediately 
deduce EH) from (13781) . (1X91) . EH3) and EED- 

Proof of Corollary [7] Let /+ be a generalized solution to (I1.1D - (U.3I) with the 
initial datum lu 0 >{ and the boundary datum It follows from Theorem Q] 

and Lemma|T]that for t £ [0,T), 

E / / / + ± (^^)(l-/ + ± (t,x,(M& = 0 . 

■ID JR 

By Fubini’s theorem, for t £ [0, T) there is a set E t of full measure in 17 x D 
such that, for (ui, x) £ Et, (w, t, x, £) £ {0,1} for a.e. £ £ R. Since /+(<, x, £) = 
^^(£, 00 ) with a Young measure on 12 x Q, there exists u ± (uj,t,x) £ R such 
that /^(w,t, x, £) = l«i( B 11 )>$ for a.e. (w, x, £). This gives that u^(u, t,x) = 
s*(f+ (u>,t, x,£) — lj<o)d£ and hence are predictable. Moreover, (12.3D is a di¬ 
rect consequence of EH- Consequently, we see that u + (which equals u for a.e. 
t £ [0,T) from Lemma[T|) is a kinetic solution to fll.lD - fll.3D . 


4 Existence 

We state the conditions under which one considers the existence of kinetic solu¬ 
tions. 

(Hi) The flux function A is of class C 2 and the second derivative A" is bounded 
on R. 

(H 3 ) u 0 £ C 2 (D) and Ub £ L°°{E) are deterministic. Moreover, Ub is the trace 
on E of a function U £ C([0,T] x D) such that dtU £ C“’°([0,T] x D), 
AU £ C“’°([0, T] x D), £ W 2 ’ P (D) for some a £ (0,1) and for any 

p > 1 . 

It is shown in [191 Remark 5.1.14] that initial boundary value problem 

! dtu e = sAu e in Q 

u s (0) = 0 on D (4.1) 

u £ = Ub on £ 
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admits a unique solution u £ G C([0, T\ x D). Moreover, all of u e , Vu s , dtu £ , sAu £ 
exist and are bounded in L°°(Q) uniformly in e G (0,1], 

The purpose of this section is to prove the following: 

Theorem 2 Assume that D is a bounded convex domain with C 2 boundary. Let 

the assumptions (Hi,), (H 2 ) and (H 3 ) hold true. Then there exists a unique kinetic 

solution to imu-ifQ). 

Theorem 3 (The case of homogeneous Dirichlet boundary condition) 

Assume that D is a bounded convex domain with C 2 boundary. Assume that 
uq G C 2 (D) and ut = 0. If the assumptions (Hi) and (H 2 ) hold true, then the 
nroblem. il. l\) - il.3\) has a unique kinetic solution. 

To prove the theorems we consider the following homogeneous Dirichlet bound¬ 
ary problem 

( dv e + div A(v e + u £ )dt = eAv £ dt + <P £ (v £ + u £ )dW{t) in 17 x Q 
< f e (0) = uo on 17 x D (4.2) 

^ v e = 0 on 17 x E 

where <P £ is a suitable Lipschitz approximation of <P satisfying CE2D, (USD uniformly 
in e. The functions gf, and G e ’ 2 will be defined as in the case e = 0. By the mean 
value theorem 

A(r + u e ) = A(r) + a(r + d(t, x)u e {t , x))u s (t, x) 

with 6{t,x) G (0,1). Set gi(t,x,r) = a(r + 9(t, x)u e (t, x))u £ (t, x) and g 2 (t,r) = 
A(r). By our assumption on the flux A we have that \gi{t, x,r)\ < C(l-|-|r|), rGl, 
with some constant C independent of e and that gi has at most polynomial growth. 
Thus, thanks to [12] equation (E21) admits a unique L P (D) valued continuous 
solution provided p is large enough and u 0 is an ^o-measurable L P (D) valued 
random element. 

To obtain some energy estimates on equation (El we truncate A and <P £ as 
follows: Let An(r) and <f^(r) be continuous functions for every integer n, such 
that they are globally Lipschitz, A n = A, = <P e for |r| < n, and A n = = 0 

for |r| > n+ 1. Moreover, A n and d> £ n satisfy the same Lipschitz constants and the 
(same) polynomial growth as A and <P £ , respectively. The functions g^ k and G^ 2 
will be defined as in the case e = 0. We also chose a sequence of L°° ( D ) n C°° (D)- 
valued random variables uo n converging to uo in L p almost surely. In the same 
way as in the case of El. we have the existence of a unique solution of equation 

dVn + div A n (vn + v, £ )dt = eAvndt + + u £ )dW{t ) (4-3) 

with the Dirichlet boundary condition = 0 on S and the initial condition 
Vn(0) = uon on D. By virtue of [121 Lemma 4.3] we have for p > 2, 

IK(I)II£p ( d) Aep{p- J o J d KI P_2 |Vi £| 2 dxds 
<\\ u 0 n\\ p LP{D) +p J j \vn \ p ~ 2 VnA' n (vn + u £ ) ■ V (v„ + u)dxds 

00 rt r 

+p ^2 / \ v n\ F ~ 2 Vngn,k(x,v„ +U e )dxdf3 k (s) 

k=i Jo Jd 

+ \p{P~ 1 )J J \Vn\ P ~ 2 Gn 2 (x,Vn+U S )dxds 


a.s. 


(4.4) 
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Let us consider the second term on the right hand side of (TOl) . By the assumption 
that A!' E L°° (]R) and by the Dirichlet boundary condition, one has 


, 

Jo Jd 


n e \P~ 2 A' („ e 


v nA n (Vn + u £ ) ■ V(w£ + u £ )dxds 


< 


< 


/ / div (/ + dxds 

[ [ [ " icr -2 £A"(£ + U e ) ■ Vu £ d£dxds 
Jo JD Jo 

[ ( \v^\ p ~ 2 v^A' n (v^+ u £ )-Vu £ dxds 
Jo Jd 

IKILoJ|Vu e || ioo / f \v £ n \ p dxds 
Jo Jd 

+C||Vu e || LOO [ [ \Vn\ p ~ 1 (1-1- \v £ n + u £ \)dxds 
Jo Jd 

r ll«n(«)H5 

Jo 


<<7 1 + 


II LP(D) 


ds , 


(4.5) 


where and in what follows C denotes various constants which may depend on p, uo, 
Ub and T, but not on e as well as n. By (O) the fourth term is easily estimated: 


/ / \v e n \ P 2 Gn 2 (x,V e n +u)dxds 

Jo Jd 

r \K{s)w 

Jo 


p ds 1 
Lp(D) ab 1 ' 


<<7(^1 + 

Thus, expectation and application of the Gronwall lemma yield 
; \\ v Ut)\\ P LP(D) < <7 (l + E ||u 0 n|lip (£)) ) • 


(4.6) 


El 


Furthermore, by using the Burkholder-Davis-Gundy inequality, we have (see [7j 
and [13]) 

E sup \\v £ n (t)\\ p D) +eE f [ \v £ n \ p - 2 \Vv s n \ 2 dxdt < C (4.7) 
o <t<r v 7 Jo Jd 

for every p > 2. Accordingly, by the same argument as in E2, using the Gyongy- 
Krylov characterization of convergence in probability (see Hqj Lemma 4.1]), we 
have that converges in C([0, T\; L P (D)), in probability, to v £ as n —> oo. This 

p — 2 

convergence, together with (TOD . deduces that, up to subsequence, |i^| 2 Vv%, 

p —2 n 

converges to |u £ | 2 Vu e , as n —» oo, weakly in L (il x Q). Consequently, passing 
n to infinity in (14.511 yields: For every p > 2, 


E sup \\v £ \\ p LP(D) +eE J j \v e \ p 2 | Vu £ | 2 dxdt < C. 


o <t<T 


(4.8) 











A stochastic conservation law with nonhomogeneous Dirichlet boundary conditions 


21 


Next (14.411 . together with Q3D and (TOll . gives 

ep(p — 1) f f \v £ \ p ~ 2 \S/v £ \ 2 dxds 
Jo J D 

< IK||£ P(D) +C ( y f o f D \\ vS ( S )\\lp(D) ds + 

+P [ [ \v £ \ p ~ 2 v £ $ £ (v £ +U S )dxdW{s). 

Jo J D 

Taking the square, then expectation, we deduce by the Ito isometry 

E If e \v £ \ p ~ 2 |Vv e | 2 dxds 
Jo j D 

< C \\u 0 \\ 2 l p {d) + CE ||« e ( a )||* P(D) ds + 1 

rT 00 r 

+E / / \v £ \ p ~ 2 v e gl(x,v £ + u £ )dx 

do k =i •* D 

By (11.41) , (14.811 and the Cauchy-Schwartz inequality, 


dt 


E 


f f e\v £ \ p 2 \X7v £ \ 2 dxds 
Jo J D 


< C. 


(4.9) 


Define an L p (D)-valued process u s (t) by u s (t) = v e (t ) +u £ (t). It satisfies: a.s., for 
all t G [0, T] and 0 G C™{D), 

/ u £ (j>dx = / uo4>dx + / A(u £ )X7(f>dxds 

Jd Jd Jo J D 

n °° nt r 

u £ A<t>dxds+Y' / / g%(x,u £ )4>dxdl3k{s), 

? L, _i Jo J D 


+£ 


in short, 


du £ + divA(u e )dt — sAu £ dt = <P £ {u £ )dW(t). 


By the smooth approximations as in [7) Proposition 18] and [5] (also see 0 and 
mi) or by the generalized Ito formula in [ 6 ,, Proposition A.l] we obtain that f s = 
lu'>{ satisfies the kinetic formulation, more precisely, a.s., for all ip G C£°([0, T) x 
Dxl) 

— I I f f £ dtpd^dxdt = f f fo<p(0)d£dx 
Jo J d Jr J d Jr 

+ I I f a(^)f £ \/ipd^dxds+e [ [ [ f £ Apd^dxdt 
Jo Jd Jr Jo Jd Jr 

OO p'J' n « 

+ 5^ / / / glpdi4 )X {£j)dxd(i k (t) 

J 0 J D J M 

+ \ [ / / dt ( pGedvf, x (€)dxdt-m £ (dtv), (4.10) 

z Jo Jd Jr 
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where /o(f) = l Mo >£, v t,x = S U ‘(t,x) and 

m £ (0) = / f 4>(t, x, u £ (t, x))e |Vit e | 2 dxdt 
Jo JD 

for (j) G C},([(),T} x D x R). It follows from (14.811 and the uniform boundedness of 
u e in e that for t G [0, T], 

E / /l£| P <K*(O d z<C. (4-11) 

Jr> Jr 

We need the following compactness result. (For the proof see [7].) 


Theorem 4 Let {£n} I 0. Suppose 

r T 

/Q J D J Bi 


lim supE [ [ [ dvf n x (tf)dxdt = 0. 

R-^CX) n Jq J^j J B C 


(4.12) 


(a) There exist a Young measure v on ft x Q and a subsequence still denoted 
{i' £n } such that for all h G L 1 (12 x Q), /or all <f> G 


lim E [ [ h(t,x ) [ 4>(f)dvf rl x (f,)dxdt 

n ^°° Jo Jd Jr 

= E f j h(t,x) j <t>(ff)dv t , x (f)dxdt. (4-13) 

Jo Jd Jr 

(b) There exist a kinetic function f on ftxQxM, and a subsequence still denoted 
{f £n } such that f £n —*■ f in L°°(ft x Q x M.)-weak*. 


Here we take notice that as stated in [5] we may assume that the er-algebra & is 
countably generated and hence L 1 ( ft x Q) is separable. 


Proof of Theorem [H For 5 > 0 sufficiently small we define 

. . _ J min{dist(;r, dD), 5} for x G D, 

S ' X > = \ -min{dist(a;,aD),tf} for x£R d \D. 

The function s is Lipschitz continuous in R d and smooth on the closure of {x G 
R d ; |s(x)| < 5}. For 5 > 0 define the function 0 e by 

0 s (x) = 1 - exp — j £L s(x) S j , 

where M > 0 and L = sup 0<s ^ x ^ <(5 |Z\s(x)|. This function satisfies the weak dif¬ 
ferential inequality 

M f |V@ e | 4>dx < e / V@ £ • Vcpdx + (M + eL) f cfdo (4.14) 
Jd Jd J od 

for any (p G C)? 0 (R d ). (See [21)1 p. 129].) Let N > 0 and let us fix any non-negative 
(p G C“([0,T) x R d x (—N,N)). We regularize (14.101) by convolution. Namely, 
we apply (14.101) to the test function (Of tp x ) * p x , where Of (x) = max{0 £ (i), 0}, 
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< p x = ipX and (p^) denotes the right-decentered approximations to the identity on 
R d , to obtain 

- / f f f’^eidt^didxdt 
Jo Jd Jr 

= 11 f3o+v x mtdx+ [ T [ [ a{Of e ^{ot^)didxdt 

JD JR JO J D JR 

+s ( f f / e,r? A(0+ip x )d£ > dxdt 

Jo Jd Jr 

o° pjp p p 

+ Y] / / / g £ k(®tv X ) * P$dvl x (€)dxdp k (t) 

k=1 J 0 JDJR 

[ T I f d^et^) * p x v G 2 e dvl x ^)dxdt - m £ (d i (G+p x ) * p x ), 

1 Jo J d Jr 


/ 0 JDJR 

f e ’•n - fe * n A fV - 


where f e ’ v = f £ * p*, = f 0 * p* and p*(x) = p x (-x). Setting 

M N = sup |a(£)|, 
te[-N,N] 


we calculate 

cT 


[ [ [ a{£)f £ ' v V(Otv X )dZdxdt + e [ [ [ f £ ’ v A{6>t p x )d£dxdt 

Jo Jd Jr Jo Jd Jr 

t 


to Jd 
< Mn 

r T 

to JdJr 


J J Jr- 


V02 


ip x d£dxdt+ f f f a(£)f e ’ r, Ot'XJ l p X d£ : dxdt 
J o Jd J r 

+e / / [ (-X7(f e ’ v p x )X70++ 2f e ’ ri VOtV<p x + OtA<p x )d£dxdt 

Jo JD J R ^ ' 

<(Mn+eL) f fjjtp x dcr+ [ [ [ a(£,)f s ’ rl OjX7ip X d£,dxdt 

JdD Jo JD Jr 

+s f f j (2/ £>,7 V6>+V<p A + OtA^ x \ d^dxdt. 

JO J D J K 

Here we used doa with M and <p replaced by Mjv and f £,v ip x , respectively. 
Letting r] 4- 0 and summing over i. we obtain 

rT r rN 

— / / O e f £ (d t + a(f) • V)ipd£dxdt 

Jo JD J-N 

r rN rT r rN 

— / O £ fo<p(0)d£dx — ( Mn + eL) / / / f b (pd^dadt 

JD J-N Jo JdD J-N 


< £ 


Gef A(pd£dxdt + 2s 
N 

o JdJ-N 


ns 

JO JDJ-N 


/ £ V<p • V&edt^dxdt 


fjj 

JO JDJ-N 

°° rT r rl\ 

+ yj / / ®z9kVdvt,x{i)dxdfJk(t) 

k=1 J o JdJ-n 

1 f T f f N 

+ o / / Oed ! :tpG £ di'l x (£)dxdt-m e (Oed s ip). (4-15) 

Z Jo jD J-N 
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Note here that sup e€ ( 0 ^ f D |V@ e | dx < C < oo by (14.141) . We will pass e to 0 in 
(ThlOl) and (14.151) through a subsequence {e™}. By virtue of (14.91) with p = 2 we 
have, up to subsequence, m £ " converges to a kinetic measure m in L^j(J2; Mb)- 
weak*, where Mb) is the space of all weak*-measurable mappings m : fl —> 

Mb with E||to||_a 4 6 < oo. It is shown in [3 that m satisfies (12.11) and the process 
1 1 ^ t ) xDxR (p(x,(;)dm(s, x, €) is predictable for any <j> G Cb(D x R). 

Since (14.111) immediately implies (14.121) , by Theorem [4] there exist a kinetic 
function f +, a Young measure to x and a kinetic measure to which satisfy: For any 
^Cr([0,T)xDx(-]V,JV)),’ 

pT p pN p pN 

— / / f+(dt + a ■ \7)(j)d£ i dxdt — / / f+4>(0)dt;dx 

Jo JD J-N JD J-N 

00 pT p pN 

= y2 / / 9k<l>di't,x(Qdxdp k (t) 

k=1 Jo JdJ-n 

f I f d^4>G 2 dv t ,x{£)dxdt 

A Jo jD J-N 

— / d^4>dm(t,x,^), a.s., (4-16) 

J(0,T)xDx(-N,N) 

and for any p G C£°([0,T) x R d x (—N,N)) with p > 0, 


pT p pN 

/ / / /+ (dt + a • V)ipdf;dxdt 

Jo jD J-N 

p pN pT p pN 

/ / /+<p(0) d^dx — Mn / / / f b tpd£dcrdt 

JD J-N Jo JdD J-N 

r T 


^ pi p pl\ 

< / / / gk<pdv t ,x(£) dxd Pk{t) 

k=1 J 0 jD J-N 

+- / / / d$ipG 2 dv ti x{t)dxdt 

* Jo jD J-N 

— / d^p dm(t,x,^)^ a.s., 

J(0 


(4.17) 

l(0,T)xDx(-N,N ) 

Now, take any p G C'^°([0,T) xR^x (—N,N)). Let A, be an element of the 
partition of unity on D. For i > 1 and r\ > 0, define O v {x) = J Xd ~ hx ( x ) — 
r](L\ + 1 ))dr, where we have again dropped the index i of A». We apply (14.161) to 
the test function </> = & rl p x and let 77 0 in the resultant equality. Then 

pT p pN p pN 

— / / f+(dt + a ■ V)p X d£dxdt — / / f+p X (0) d£dx 

Jo JD x J-N JD x J-N 

pT p pN 

~ / (-«(0 • n (x))f { + X) p X d£da(x)dt 

Jo Jn x J-n 

00 pT p pN 

= y2 / / 9k P X du t ,x(O dxd Pk(t) 

k= l J 0 JD x J — N 

+ - / / / d^ip x G 2 dvt, x {£)dxdt 

Jo JD x J-N 
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— / d^ip x dm(t, x,£), a.s., (4-18) 

J(0,T)xD x (-N,N) 

where recall that /+ A) denotes any weak* limit of f DX f+(t,y,$,)pri(xd — h\(x))dx 
as 77 4- 0 in L°°(J7 x S x x R). Since L 1 (t2 x S x x R) is separable as was mentioned 
before, the predictability is stable under the weak* topology of L°°(l? x S x x R). 
In particular, /£ A ^ is predictable. Combining (14.1711 with (14.1811 yields 



(Mjv/ b + (a ■ n) f^)ipd^da(x)dt > 0 


for all ip G C^°([0, T ) x77 A x ( —N , N)) with ip > 0, and hence Mjv/ b +(a-n)/+ A * > 0 
for a.e. (t, (e,£) G (0,T) x II X x (—N,N). For N > ||wb|| L <x, we set 

C N 

rnp X (t, x, f) = M N (ub(t, x) - £) + - J (-0(77) ■ n(x))f^\t, x, 77)^77 ( 4 . 19 ) 

for (f,x,£) G S x x (—N,N). Clearly, m t > 0 and fh'^ f (N) = 0. Since (—a(£) • 
n)/j_ A> = Mbf+ + d^m^, it follows from (14.1811 that 


/*T /* /‘AT 

/ / / /+(d t + a-V)^ 

JO ./D 1 J-iV 


d^dxdt 


p pN pT p pN 

■ / / f+<p X (0) d£dx - M n / / / f+p X d£da(x)dt 

J d x J -n Jo J n x J -N 


g k p dv t , x (£)dxd(3 k (t) 


00 /•T p pN 

/o JD x J-N ' 

+ - / / / d^p x G 2 dv t ,x{i)dxdt 

4 Jo JU X J-JV 

- / d^p x dm- Iff d^p x dmj v ’ x , 

J (0,T)xDx(-N,N) Jo J n x J -N 


By summing over i = 0,1,..., M we obtain the kinetic formulation (12.71 1 for /+ 
with 




/ N 

(- 0 ( 77 ) • n(x))f+(t,x,r])dr). 


In a similar manner, we can also obtain the kinetic formulation (12.71) for /_. 


Proof of Theorem\3 _ ] When Ub = 0, u e becomes 0 identically. Therefore, there is 
no need to assume the boundedness of A" in the argument of the previous theorem. 
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